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ON THE MATRICES USED TO CONSTRUCT BAUMERT-HALL ARRAYS 
RICHARD B. LAKEIN AND JENNIFER SEBERRY WALLlS{' 
Four circulant (or type 1) (0,1,-1) matrices 
of order t with the property that each of the t 2 
zero in precisely one of the Xi and such that 
T T T T 
X1X 1 + X 2 X 2 + X3 X 3 + X 4 X 4 = tIt 
will be called T-matrices. 
Xl' Xl' X 3 , X4 
positions is non-
This paper studies the construction, use and properties of 
T-matrices giving a new construction for Hadamard matrices and some 
new equivalence results for Hadamard matrices and Baumert-Hall arrays. 
1. INTRODUCTION 
An Hadamard matrix H = (h .. ) is a square matrix of order n with 
lJ 
elements +1 or -1 which satisfies the matrix equation 
where HT denotes H transposed and I the identity matrix. 
Unless specifically stated the order of matrices should be deter-
mined from the context. We use 
with every element +1. 
The matrices 
for -1 and J for the matrix 
are Hadamard matrices of order 1, 2, 4 and 4 respectively. 
It can be shown (see [7] and [20]) that the order of an Hadamard 
matrix is necessarily 1, 2 or 4m for some m = 1,2,3, .... It has 
* Written while this author was visiting the Mathematics Department, 
S.U.N.Y. at Buffalo, New York. 
ibl 
been conjectured that Haddmard matrices of all 'lese orders exist. 
For many years the first few unresolved cases Illve been 188, 23G, 
268 and 292. Richard J. Turyn has announced [1 IJ that he has found 
Hadamard matrices for the orders 188 and 236. Edward Spence has 
announced [10J the existence of the matrix of order 292. 
few unresolved cases are now 268, 412 and 428. 
So 1110 Ii), I 
The book [20J of Walljs, Street and Wallis gives all the construc-
tions for Hadamard matrices known to one of us early in 1972 but many 
exciting results have been discovered more recently. 
tary definitions we refer the reader to this book. 
For many elemen-
In 1944 Williamson [24J introduced a special type of Hadamard 
matrix 
H = [-~ -c 
-D 
B 
A 
D 
-c 
C 
-D 
A 
B 
based on the matrix representation of the quaternions. 
Subsequently four (1,-1) matrices A, B, C, D of order m which 
satisfy 
(i) Xy1' = yXT X,y E {A,B,C,D}, 
and (ii) 
have been called WilliamRon matrices. These matrices have been the 
subject of much recent study [8J, [11J, [12J, [1SJ, [17J, [18J, [22J, 
[23], because 
Theorem 1.1. If thcrp exist Williamson matrices of order m then 
there exists an Hadamard matrix of order 4m. 
Definition 1.2. Tlw rOIJD or columns of an an'ay of indcterml:rwtcs 
will be said to be form,11:Jv r.rthoiT,on,11 if realizing the indeteI'minates 
as any elements from a commutative ring causes the distinct rows or 
columns of the array to be pairwise orthogonal. 
Baumert and Hall (see [lJ) in 1965 published a 12 x 12 array 
containing precisely 3 ±A's, 3 ±B's, 3 ±C's, 3 ±D's In each row and 
column. Furthermore the rows and columns were formally orthogonal. If 
the A, B, C, D are matrices which pairwise satisfy XyT = yX
T 
then 
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More generally we consider 
Definition 1.3. A lit x lit array of th, illcieterminate[) .1/\, JB, 
±e, ±D in which 
(i) each indeterminatA. 
roW and column. and 
iX, occurs precisely t time[) in each 
(ii) the distinct rows are formally orthogonal 
will be called a Baumert-flaIl urray. 
Orthogonal designs which give an overview of Baumert-Hall arrays 
are studied in [3J and [4J. 
We have 
Theorem 1.11. (Baumert-Hall). If there exist a Baumert-Hall arl'ay 
of ol'der t and foul' Williamson matrices of order m then there exists 
an Hadamard matrix of order 4mt. 
Five years passed from the publication of the 8uumert-llall array 
of order 3 until Lloyd Welch [21J found his deceptively simple Baumert-
Hall array of order S. 
Shortly after Welch's matrix was discovered Jennifer Wallis [l~J 
and Richard J. Turyn [17J independently announced that a construction 
of Goethals and Seidel [5J was important in finding Baumert-Hall arrays. 
Their theorem is 
Theorem 1.~. (Goethals-Seidel [5J) If x. Y. Z. W are square 
circulant (1,-) matrices of order t. 
pic. and if 
if U X - I is skew-symmet-
GS = l 
X 
-YR 
-ZR 
-WR 
YR ZR 
X _WTR 
WTR X 
ZT R yTR 
is a skew-Hadamard rna trix of order 4t when R (r .. ) of order t lJ 
1-S given by 
t ' j = 
t + 1 - i , 
r .. = 
lJ 
otherwise 
Wallis and Whiteman [15 J showed ho.w a similar matrix may be 
defined using an additive abelian group G. 
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Theorem 1.6. (Wallis-Whiteman [lSJ). Let /, Y, W be type 1 (1, 
incidence matrices and Z be a type 2 (1, -) in( idence ma tr ix defined 
on the same abeZian group of order t (see [19J for definitions). If 
xxT + yyT + zzT + WwT = lj tIt 
then 
r- ~'[ 
y Z 
-~Tl XT -\~ H = -z WT X UJ 
_WT -z y XT 
is an Hadamard matrix of order lit. Further if X - I is skew, H is 
8 kew-Hadamard. 
The following array is an example of a Baumert-Hall array of order 
3 oonstructed using the Goethals-Seidel method. 
A 8 C B -c D C D -A D A -B 
C A B -c D B D -A C A -B D 
8 C A D B -c -A C D -B D A 
-8 C -D A 8 C -D 8 -A C -A D 
C -D -8 C A 8 B -A -D -A D C 
-D -8 C B C A -A -D 8 D C -A 
-c -D A D -8 A A 8 C -B -D C 
-D A -c -8 A D C A 8 -D C -B 
A -c -D A D -8 B C A C -8 -D 
-D -A 8 -c A -D B D -c A 8 C 
-A 13 -D A -D -c D -c B C A B 
8 -D -A -D -c A -c 8 D B C A 
Definition 1.7. Four type 1 (or circuZantJ (0,1,-) matrices 
Xl' X
2
' X
3
' X
4 
of order t defined on the same abelian group (cycZic 
group) G of order t such that each of the t 2 positions is non-
zero in preciaely one of the Xi and satisfying 
will be caZled T-matrices. 
160 
These matrices may be used to form BaumE' t-llall arrays ac, follows: 
Theorem 1.8. (Cooper-Wallis [2J). SUfP,se there exist four T-
matrices Xl' X2 , Xl' X, of ordel' t. 
D satisfy MNT = NMT and let 
Furthf'l' Bup!'ose that A, B, C, 
with 
X = Xl 
y = Xl 
Z = (X I 
Iv = XI 
R=(r .. ) 
1J 
X A + X2 x B + X3 X C + X, 
x -B + X2 x A + X3 X D + X, 
X -C + X2 x -D + X3 x A + X, 
x -D + X, x C + X 3 x -B + X, 
defined on the elements of G, 
if g 9, + gj = 0, 
otherwise, 
Then ( t ) gives a Baumert-Hall array of order 4t. 
x D 
x -C 
x B)l\ 
x A , 
by 
T-matrices may be easily shown to have the following properties: 
Lenuna 1.9. Let Xl' Z2, X3 , X, be T-matrices of order t. 
Further let 
column of 
of Xi' 
X. 
1 
Xi be the number of positive elements in each row and 
and wi the row sum (column sum) of each row (column) 
Then 
(a) 2(x l + X 2 + X3 + x,) - (wI + w 2 + W3 + w,) = t , 
(b) W l
2 + W 2
2 + W3 2 + W,2 = t. 
2. PREVIOUS CONSTRUCTION or T-MATRICES 
In [2J and [8J T-matrices are constructed, ad hoc, for various 
small orders using guessing and a little cyclotomy. 
Apparently, Richard J. Turyn has used circulant T-matrices 
X I = I, X 2 ' X 3 , X, = 0 a f a I'd e I' t = 2 a lob 2 6 c , a,b,c 
integers, to get the first infinite class of T-matrices. 
non-negative 
\<Je have been 
able to construct these matrices having (t-l)/2 non-zero entries ln 
each row and column of X
2 
and X
3
• These matrices also exist for 
order 37. 
3. A NEVI CONSTPUCTIOIJ U;:;IllG T-MATRICES 
Definition 3.1. Matrices (or lineal' combinations of matricc,s), 
which may be used in the following array to form an Hadamard 
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matrix will be called r-rnatrices (R has been "'fined in Theorem 1.8) 
Al X B I A2R X B2 AJR x BJ A,R x B, 
-A2R X B2 Al X B I A TR , x B, -A TR ) x B) 
-A)R X B) -A TR , x B, Al X BI A TR 2 X B2 
-A,R x B, A TR ) X B) -A TR 2 x B2 AI X B I 
The A, is called the Goethals-Seidel part (GS-part) and the B. the 
l l 
Williamson part (W-part). 
Theorem 3.2. Let v E {1 t 2a l0 b 26 c , a,b,c non-negative integers} 
u {37}. Suppose 2v - 1 ,is a prime power =1 (mod 4); then there exis t 
F-matrices of ordel' v(2v-l) and an Hadamard matrix of Goethals-Seidel 
type of order 4v(2v-l). 
Proof. Let I, XI' X2 ' be the T-matrices of order v. Let X, 
Y be the type 1 (1,-1) incidence matrices of the 2 - {2v-l; v-l; v-2} 
supplementary difference sets described in [20 ,p.283]. Then 
XT = X, yT = y, XJ = YJ= -J, XyT = YXT , 
XXT + yyT = 4vI - 2J. 
Now choose 
Al x B I A = I x J + (X 2 +X)) x X, 
A2 X B2 = B = I x J (X 2+X)) x Y, 
A) X B) = C = I x X (X 2-X)) x y, 
A~ x B, = D = I x Y + (X 2 -X l ) x X. 
We write each of these in a form such as A = Al x B I even though 
fact A is linear combination of such terms and A, 
T x B, a use 
Now we may easily check that A, B, C, and D are the required 
F-matrices. 
In 
for 
Lxample. Let v = 3. The 2 - {5; 2; 1} supplementary differ-
ence sets are {1,4} and {2,3} mod 5 and forming the circulant 
(1,-1) incidence matrices of these sets (where - is written for -1) 
we get 
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X = and Y = 1 1 
1 1 1 
1 1 
1 
Now for v = 3 the T-matrices are 
I, X2 
[: :J 
, X3 = 
[: 
0 
:] 0 0 0 
and so 
Al x 13 1 = 
[: 
X 
~] 
A2 x 13 2 [-: -Y -y] J J -y 
X -Y -Y J 
A3 x 13 3 = 
U 
-y 
-~] 
A4 x 13, 
H 
X 
-~l X y y -X 
The required Hadamard matrix is 
J X X J -y -y X -Y Y Y X -x 
X J X -y -y J -y Y X X -x y 
X X J -y J -Y Y X -Y -X Y X 
-J Y Y J X X Y -X X -X -y Y 
Y Y -J X J X -X X Y -y Y -X 
Y -J Y X X J X Y -X Y -X -Y 
-X Y -y -Y X -X J X X J -Y -y 
Y -Y -X X -X -y X J X -y -y J 
-Y -X Y -X -y X X X J -y J -y 
-y -X X X Y -y -J Y Y J X X 
-X X -y Y -y X Y Y -J X J X 
X -Y -X -y X Y Y -J Y X X J 
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This construction does ned: give new Hadamar, mdtrices as vlilliilm~on 
matrices are known for the orders given by the tloorem. 
4. CONSTRUCTION OF T-SE1'S FOR St1llLL t 
Definition 4.1. The 8et of four first rows 1'1' 1'2' 1'3' T. of 
four 'I-matrices Xl' X2' Xl' X. W1:ZZ be caZZed a T-:;ct. 
To denote 
jth term t .. 
lJ 
T-sets, the element j (J) in 
is +1 (-1); otherwise t .. 
lJ 
sets 'Ii are listed, separated by slashes. 
denotes the T-set 
T. indicates that the 
l 
= O. Only the non-empty 
Thus for t = 5, 12/3ij/5 
{11000} {OOl-0} • {OOOOl} {OOOOO} 
Obviously, a T-set is transformed into a T-set by a shift 
(j + j + b) or by a muZtipZier m relatively prime to t (j + mj), 
where the arithmetic is mod t. (These are essentially operations on 
supplementary difference sets.) 
Now to find all T-sets for a fixed t, we consider all possible 
representations 
where T. has a. + b. + l' s , b. -1' s , t - n. a's, and l l l l l 
n· = a· + 2b. ~ 
l l l 
a· . We 
l 
search through all these possibilities to find 
T-sets. 
The search is considerably simplified by the transformations noted 
above. For example, if t = 7 = 22 + 12 + 12 + 1 2 , the only possibili-
ties for the ni are {4.1.1.1} and {2.3.1.1}. Consider the latter 
case. We may choose the 3-set first. There are (i) = 35 of them, but 
by shifting we may assume that the 3-set contains the element 1, leaving 
only (~l = 15 possibilities. But all of these can be transformed to one 
of the sets {1.2.3} and {1.2.4}. Thus there are essentially only two 
cases to consider. 
In the table we give complete lists of T-inequivalent 'I-sets 
of orders t = 3,5,7,9. For each t we list the values of 
T-sets that occur with these parameters. [We note that most of the poss-
ible cases that do not in fact occur are ruled out by simple parity argu-
ments. Only in a few cases was it necessary to test various assignments 
of +1 and -1 to rule out a case.] 
t 
3 1 1 1 0 
5 2 100 
7 2 1 1 1 
9 3 o o o 
2 2 1 o 
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Table of T-set: 
1 1 0 
2 1 2 0 
4 
2 
5 
3 
4 
4 
2 
2 
3 
2 
2 
4 
2 
2 
2 
2 
1 
2 
2 
1 
3 
3 
1 
1 
1 
o 
2 
o 
o 
2 
2 
4 
1 / 2 / 3 
12/34/5 
1 2 3 5 
123 / 
i 2 3 4 6 
1 2 4 / 
124 / 
1 2 3 4 
1 2 3 4 
1 2 3 II 
1 2 3 5 
1 2 3 5 
1 234 
1 2 3 4 
1 2 3 4 
234 
123 
1 245 
1 245 
1 2 4 5 
124 5 
124 / 
i 24/ 
1 2 4 / 
1 2 4 / 
124 / 
1 2 4 / 
1 2 :3 5 
/ 4 
4 6 
/ 
/ 
6 / 
/ 
7 
7 
/ 5 7 / 8 9 
3 5 / 6 9 / 
3 6 / 5 7 / 
/5678/9 
/57/689 
/57/689 
/68/479 
7 8 
8 9 
/ 
/ 
/ 
/ 
/ 
6 8 / 
5 8 / 
479 
6 'i / 9 
5 
9 
69/ 7 8 / 
5 8 / 6 7 / 
6 9 / 7 8 
/48 / 6 9 
/ 3 7 / 6 8 
/ 3 8 /79 
/ 3 7 / 6 8 
/ 3 8 / 7 9 
3 5 / 69/ 
/ 7 
/ 9 
/ 6 
/ 9 
/ 6 
7 8 
36/57/89 
35/69/78 
36/57/89 
35/69/78 
3 6 / 
/ 4 8 
5 7 / 
/ 6 9 
8 9 
/ 7 
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Note: for t = 9 vie list the T-inequival' 'It 2-sets, ... , 7-se ts. 
2 12 
3 123,124,11-17 
4 1234,1235,1245,1247 
5 12345,12346,12347,12457 
6 123456,123457,124578 
7 1234567 
We also note the followin~ remarkable occurrence. 
with t = 9 we inserted the matrices X I> X2 , X 3' X 4 
Seidel array to obtain a (0,1,-1) matrix M satisfying 
for each ca,;e 
in the Goethals-
~111 T = ') 1 16 • 
The Smith Normal form (see [9,p.44]) was then calculated: necessilrily 
there are I' l's, (35-2r) 3's, and I' 9's. For each case corres-
ponding to the decomposition 9 = 3 2 , we found r = 16. 
corresponding to 9 = 22 + 22 + 1 2 , we found I' = 18. 
for each case 
5. SOME THOUGHTS ON EQUIVALENCE 
Definition 5.1. Two (0,1,-1) matrices 
wi II be ca lled T-equivalent if their first rows 
X and 
X' 
Y of o"('der 
{x.} and 
l 
Y' = {Yi}' i 1, ... ,t, given in the notation used above, can be 
obtained from one another by using multipb:ers and shifts, i.e. if 
xi=mYi+b(modt), fOl'1:ntegers m,b and i=l, ... ,t. 
Definition 5.2. Two matrices A and B, of order n 
ca lled H-equivalent 0"(' Harlafll,J.Y'd equivd lent if there exis t 
matrices P and Q with Idet PI = Idet QI = 1 such that 
B = PAQ. 
wi II be 
( a , 1 , - 1 ) 
First we show that alteration of T-sets by Shifting does not 
alter Hadamard equivalence. 
Let T = (t .. ) of order n be defined by 
lJ 
t = t = t = t = 1 
1 2 2 3 n-l,n n,l 
t 
and all other elements zero. 
S = TX for some integer x. 
with 
Let A, B, C, D be polynomials in T and 
Let R = (r .. ) be the matrix of order n 
lJ 
I' = r = l,n 2,n-1 
and all other elements zero. 
r 
n-I,2 
r = 1 n,l 
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Then A, B, C, D, S and their transpose '; pairwise commute, 
STR = RS, RT = R and SST = 1. 
Let 
A BR CR DR 
-BR A DTR _CTR 
P = -CR _DTR A BTR 
-DR CTR _BTR A 
and 
AS BSR CSR DSR 
-BSR AS (DS)TR _(C::»Tj\ 
Q -CSR _(DS)T R AS (BS)T1\ 
-DSR (CS)T E _(BS)T1{ AS 
Then 
Q S 
I 
p = 
I 
I 
and so P and Q are Hadamard equivalent. 
Also 
-I p R 
-I -R 
-R I 
R I 
-B AR C1\ DR 
-AR -B DTR _CTR 
= T ATR -CR -D R -B 
-DR CTR _ATR -B 
which is the same as P with A and B interchanged except that the 
interchanging of A and B has forced a change in sign of B. Also 
167 
I P -R 
-I -R 
R -I 
-R -I 
= B AR DR CR 
-AR B CTR _DTR 
-DR _CTR B ATR 
-CR DTR _ATR B 
which resembles P except that the interchanging of A and B has 
forced C and D to interchange too. 
6. UNANSWERED QUESTIONS ON EQUIVALENCE 
1. We noted for T-matrices of order 9 the decompositions into 
squares 9 = 3 z + OZ + OZ + OZ and 9 = 2 z + 22 + 12 + OZ gave 
T-inequivalent T-matrices and Z-inequivalent (P, Q of definition 5.2 
have integer entries) and hence H-inequivalent weighing matrices 
W(36,9). Do different decompositions into squares always give Z-
inequivalent and hence H-inequivalent (i) weighing matrices (ii) Hada-
mard matrices (iii) Baumert-Hall arrays? 
2. If the X and Y of ,',) are interchanged is the new Hada-
mard matrix or Baumert-Hall array H-equivalent to the old one? In 
section 5 it was observed that interchanging X and Y of A eithe~ 
(i) induced Z and W to interchange or (ii) Y to be replaced by -Yo 
Does this interchanging lead to H-inequivalence? 
3. Let Xl' Xl> X3 , X, and Y I , Yz , Y3 , Y, be two sets of T-
matrices of order n corresponding to the same decomposition of n into 
squares. Further suppose Xi is not T-equivalent to Yj for any 
i, j E {1,2,3,4}. Prove the Hadamard matrices and Baumert-Hall arrays 
formed from the Xi and Yi , i E {1,2,3,4} are H-inequivalent. 
4. Let Xl' X
2
, X
3
, X. be T-matrices of order n. Does the use 
of 
1G8 
X = XI X A + X2 X B + X3 x C + X. X D 
Y = XI X -B + X x A + X) x -D + X. x C 2 
Z = (X I X -C + X X D + X) X II + X. X -1l}1\ 2 
'vI = X I X -D + X2 X -C + X3 X R + X. X 1\ 
in TheorPln 1.7 instead of the X, Y, Z, W given in the enunciation 
there lead to H-inequivalent Baumert-Hall arr'ays or Hadamard matrices? 
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